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Abstract: The shif t method presented recent ly is a flume w ave measurement

method based on ligh t ref raction and Hilbert transform. A modified shif t method

is presented based on cubic spline function and least squa re method. Spline

function is applied to both the calculation of the shif t and the reconst ruction o f

wave surface. Compared wi th the o riginal shif t method, the modi fied shif t method

solv es the″zig zag″problem in the calculation of the shi f t and resul ts in smoother

wave surface. Th e new method can giv e the wave eleva tion o f a rbit rary point.

Key words: w ave surface reconst ruction; lig ht refraction; spline; least square

method

0　 Introduction

Wave surface reconst ruction, in other

w o rds, wave measurement , at taches much

impo rtance to wave experiments in laboratory

w ave f lume. Tradi tionally , the wave gauge of

resistance type is used to giv e the eleva tion. As

an inst rusiv e measurement in the fix ed point , i t

w ill disturb the w ave mo tion, w hich rest ricts the

development of the related subjects. So

resea rchers t rend to use non-int rusiv e methods

recent ly.

Slope sensing optical measurement

technique is one of the popular fields. Unlike

common vision methods
[1 ]
, it i s based on the

analysis o f the optical disto rtion created by the

f luid surface upon ref raction. The advantag e of

optical measurement is that i t can be arranged to

avoid the disturbance of the inst rument to the

w ave mo tion. Since the first method to measure

surface slope by ligh t ref raction presented by

Cox [2 ] , researchers have presented many

methods based on laser light
[3-5]

, scanning laser

　　　

slope gauge
[6, 7 ]

, and the dist ribution of light

intensi ty
[8 ]
o r colo r

[9-12 ]
under w ater. Complicated

optical calibration w as needed in the above

methods, and the result w ould be sensi tiv e to

the noise and nonlinear ef fects o f optical

process.

Sun, et al [ 13] developed an easy and low-cost

method fo r w ave measurement , w hich can be

called the shi f t method. The calcula tion o f shif t

is implemented by Hilbert transform. The shif t

method is no t sensi tiv e to the noise and

nonlinear ef fects in optical process, and can be

perfo rmed well for measuring w ave in the f lume.

Sun inquired the authors about some mathema tic

problems in the shif t method, and the authors

find that spline method can get the same goal,

w hich is presented in the paper.

1　 Principle of the shift method[ 13 ]

Place a plane wi th black-white st ripes on

the f lume f loor as an indication plane. The CCD

camera is fix ed above the w ave flume w ith i ts

　　　



optical axis placed ver tically. Fig. 1 show s the

images o f the indica tion plane under sti ll w ater

and w ave condi tion respectiv ely. The dif ference

o f the st ripe shapes in the tw o images is only

rela ted to the shape o f w ave surface, wi th w ater

body at w ave crest acting as a convex and a

concave lens at w ave trough. Thus the surface

slopes can be obtained according to the Snell’ s

Law of Refraction, and then the w ave surface

can be computed by i terativ e operations. The

detailed a lg o ri thm is as follow s.

Fig. 1　 Experimental images

Fig . 2　 Optical refrac tion a t th e air-w ater

inte rface[13 ]

　　 The optical refraction at the air-w ater

interface is show n in Fig . 2. Acco rding to the

geometrical optics, the refractive index of w ater

nw can be w rit ten as

nw =
sin(T- X)
sin(T- V) ( 1)

w here T i s the tangent ang le o f w ave surface

respect to the ho rizontal , Xis the angle of the

ligh t entering into CCD camera, and V is the

angle betw een light ray in w ater and vertical

di rection at po sitio n X on the f lume f loor,

respectiv ely.

Then the slope is giv en by

s = tanT=
nw sinV- sinX
nw co sV- co sX

( 2)

From the basic g eometry in Fig. 2, the shif t

o f X betw een th e wave surface and sti ll w ater is

ΔX = X - X 0 = ( l - Z) tanX+ (d+ Z) tanV-

( l tanX+ d tanV0 ) = Z( tanV- tanX) +

d ( ta nV- tanV0 ) ( 3)

w hereZis the w ave surface above the sti ll w ater

level, d is the still wa ter depth , l is the distance

f rom the CCD camera to still wa ter lev el, andV0

is the initia l angle under sti ll w ater condi tion,

respectiv ely. Eq. ( 3) can be rew rit ten as

tanV=
Zta nX+ d tanV0+ ΔX

d + Z
( 4)

The wave surface function is obtained by an

i terativ e alg o ri thm.

( 1) load the experimental parameters and

set initial value;

( 2) computeV from Eq. ( 4) ;

( 3) compute the slope s f rom Eq. ( 2) ;

( 4) reconstruct new wave surface, stop the

operation if the new w ave surface satisfies the

precision, o r go to ( 2) .

2　 Application of spline to the

reconstruction of wave surface

2. 1　 Application of cubic spline

2. 1. 1　 Theoretical background　 Spline[14, 15 ] is

piecewise po lynomial function that can have a

lo cally v ery simple form , yet a t the same time be

g lobally flexible and smoo th. Splines are very

useful fo r modeling a rbi t rary functions, and

hence a re used w idely. Let Sn ( x1 ,x 2 ,… , xN ) be

the spline space wi th breakpoint sequence - ∞

= x 0 < x 1 <… < xN < xN+ 1 = ∞ , then S (x )∈

Sn ( x 1 , x2 ,… ,xN ) i f a nd only if pn ( x )∈ Pn ( x )

a nd real numbers c1 ,c2 ,… , cN sati sfy

S (x ) = pn (x ) + ∑
N

j= 1
cj (x - xj )n+ ( 5)

It means that 1, x ,x 2 ,… , xn , (x - x 1 )n+ ,… , ( x -

xN )n+ a re the base functions o f Sn ( x 1 , x2 ,… ,xN ) .
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In practice, cubic spline is used most widely and

is also cho sen in this paper.

2. 1. 2　Calculat ion of the shi f t　 In Lit. [13 ],

Hilbert t ransform w as applied to compute the

shif t ΔX with a ″zig zag″ ef fect ( Fig. 3(a ) [ 13] ) .

Spline fi t ting is applied in the present method

resul ting in a smoother ΔX function ( Fig.

3( b) ) . Suppose the measurement area is div ided

into N equal pieces 0 = x 0 < x 1 < … < xN - 1 <

xN = L , andΔX be a spline function as:

y ( x ) = a0 + a1x + a2x
2
+ a3x

3
+ ∑

N

j= 1

cj (x - x j )
n
+ ( 6)

Compare the image under stil l wa ter w ith

w ave condi tion, the shi ft in stripe bounda ry can

be got by edge detection[ 16, 17] . An over

determined linea r sy stem of equations can be

obtained by substituting them into Eq. ( 6) .

So lving the linea r system fo r the parameters a0 ,

… ,a3 ,c1 ,… ,cN in the least square sense, the

shif t ΔX fo r arbi t ra ry x i s obtained

consequent ly.

2. 1. 3　 Reconstruction of the wave surf ace

Similarly , spline function is applied to the

reconst ruction of w ave surface. The w ave

surface eleva tion as a spline function can be

suppo sed as

Z(x ) = a0+ a1x+ a2x
2+ a3x

3+ ∑
N

j= 1

cj (x - x j ) 3+

( 7)

Distinctiv ely , here the slopes are known,

instead o f the elev ation of certain point x . So the

deriv ative function is obtained as fo llow s:

Z′(x ) = a1 + 2a2x + 3a3x
2
+ ∑

N

j= 1
3cj (x - x j )

2
+

( 8)

Substi tute the slopes computed by Eq. ( 2) into

Eq. ( 8) , an over determined linear system of

equations similar to Section 2. 1. 2 is also go t,

then the w ave Z( x ) is defined only up to the

parameter a0 by solving the sy stem.

2. 1. 4　 Determination of a0　 It is quite di fficult

to determine a0 since only the slopes are

considered in the method. Here an estimate

method is g iv en: suppose the average w ave

elev ation betw een w ave crest and trough as la rg e

scope as possible is equal to 0. This estimate

w ill be invalid i f there are no wave crest and

trough simul taneously, but fo rtunately , this

problem can be solv ed by adjusting the po sition

o r the focus of the CCD.

2. 2　 Application of B-spline

Ano ther fo rm of spline that can be used to

the wave surface reconst ruction is B-spline[15 ] ,

defined by

P ( t ) = ∑
n

i= 0
P iN i, k ( t )

w here {P i }n0 are the contro l points, N i,k ( t ) are

basic functions defined recursiv ely as fol low s:

N i , 1 (x ) =
1; ti≤ t < ti+ 1

0; otherw ise

N i, k ( t ) =
t - ti

ti+ k- 1 - ti
N i, k- 1 ( t ) +

ti+ k - t
ti+ k - ti+ 1

N i+ 1, k- 1 ( t ) , k > 1
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where {ti }n+ k
0 is knot sequence. Similar to Section

2. 1, suppose the w ave surface elev ation is a

4th-deg ree B-spline function, then the w ave

surface can also be computed by least square

method. The resulting w aves a re almost the

same as Section 2. 1. In general, due to it s local

suppo rt property, B-spline may be mo re

accurate than cubic spline.

3　 Experimental results and

analyses

In o rder to analy ze the ef ficiency of the

present method, some experiments w ith

standa rd functions are conducted. For instance,

suppo se the w ave surface eleva tion is y =

0. 02sin( 10x ) , compute ΔX by Eq. ( 3) and

reconst ruct the w ave surface eleva tionZ(x ) f rom

Eq. ( 7) . The analy tical resul t is almost the

same as the standa rd one. Since it is di fficult to

obtain accura teΔX due to the inf luence o f image

noise in practice, Gauss white noise is added to

ΔX , theΔX and the wave surface are show n in

Fig. 4 and Fig. 5 respectively. The analy tical

w ave height is 0. 040 8, w hi le the standard one

is 0. 040 0. Large numbers o f testing functions

indica te that the spline fi t ting is ef ficient.

The present method is applied to

experimental images ( see Fig. 1) and i ts resul ts

a re compared w ith those o f the shif t method.

The experiments a re conducted in a w ave f lume

o f 22 m in leng th, 0. 45 m in width and 0. 6 m in

depth in the State Key Labo ra to ry of Coastal and

Of fsho re Engineering , Dalian Univ ersi ty of

Techno logy. The heigh t of CCD camera to the

f lume f loo r is 1. 92 m, the width of the st ripe is

2 cm and the sti ll w ater depth is 21 cm. The

experimental images w ere provided by Sun. The

shif t s and resulting w ave surface a re show n in

Fig. 3 and Fig . 6 respectiv ely. The

experimental wave height is 1. 47 cm by the

present method, which also coincides wi th the

real wave height o f 1. 5 cm.

Fig . 4　 The compa rison of the standa rd shift and

the one w ith th e white noise

Fig . 5　 The comparison o f the standard w ave

surface and th e analy tical one

Fig . 6　 The comparison of wave sur face betw een

shift me thod and the present method

4　 Conclusion

In this paper, a novel method fo r w ave

surface reconst ruction is propo sed based on

spline fi t ting and least square methods. The

present method can a lso giv e the w ave surface in

the w ave f lume. Reconst ructing function f rom

i ts slopes is ra ther unstable, according ly, highly

accurate edge detection ( i. e. sub-pix el) is

needed in the image processing , so it is believed

that a bet ter quali ty o f experimental images will

further improve the ef ficiency.

Acknowledgements: Dr. Sun He-quan from the

State Key Labo ra to ry o f Coastal and Of fsho re

Engineering, Dalian Univ ersity o f Technolo gy
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provided the experimental images and the resul ts

by the shi ft method.
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基 于样条的波 浪表面重 建

周 晓杰 ,　夏 述 高 ,　苏志 勋*

(大连理工大学 应用数学系 , 辽宁 大连　 116024 )

摘要: 最近提出的偏移算法是一种基于光线折射和希尔伯特变换的水槽波浪测量方法 . 基

于三次样条函数和最小二乘法 ,提出了一种改进的偏移算法 . 样条函数既用来计算偏移量 ,

又用做波浪表面重建 . 与原偏移算法相比 ,改进的偏移算法解决了偏移计算的锯齿问题 ,得

到了更光滑的波浪表面 ,而且新方法可以给出任意一点的波浪高度值 .

关键词: 波浪表面重建 ; 光线折射 ; 样条 ; 最小二乘法

中图分类号: O29; TB115 文献标识码: A

收稿日期: 2005-11-07;　修回日期: 2007-01-22.
基金项目: 国家杰出青年科学基金资助项目 ( 50125924) ;国家自然科学基金资助项目 ( 50379001; 10332050; 60275029) .
作者简介: 周晓杰 ( 1980-) , 女 , 博士生 ; 苏志勋* ( 1965-) , 男 , 教授 , 博士生导师 .

617　第 4期　　 ZHOU Xiao-jie, et al: Wave surface reconst ruction based on spline


