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Abstract: Two-qubit quantum teleportation is closely related to quantum

computation, so a teleportation protocol in which an arbitrary bipartite quantum state
is perfectly teleported probabilistically from sender to receiver is proposed. One of 16
generalized non-maximally entangled Bell states (G states for simplicity) functions as
quantum channel. The teleportation can be successfully realized with a certain
probability if sender performs generalized Bell state measurements (G measurements)
and receiver introduces an auxiliary particle and operates appropriate unitary
transformations and single-qubit measurements. The probability of successful
teleportation is determined by the smallest one among the coefficients’ absolute

values of the quantum channel.
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0 Introduction

Quantum teleportation process, originally
proposed by Bennett, et al.™, can transmit an
unknown quantum state from a sender to a
receiver at a distant location via a quantum
channel with the aid of some classical
information. No information about the unknown
state is ever revealed during the teleportation
process. Entanglement teleportation transfers
not only the amount of entanglement but also
the entanglement structure (the entangled state
itself). Lots of attention were paid to both in
theory and experiments in recent years->'*),
Teleportation has been demonstrated for the

polarization state of a photon''®, the state of a
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L1121 and, in the continuous variable

trapped ion
regime, for the set of coherent states of a
single-mode radiation field*). Especially, a
quantum teleportation network for continuous
variables was proposed by van Loock, et al.™*
in 2000, and Yonezawa, et al. experimentally
demonstrated tripartite quantum teleportation
network for quantum states of continuous
variables (electromagnetic field modes)™™ . As
for the teleportation of bipartite entanglement,
it was already demonstrated for continuous
variables again by Yonezawa, et al. %,

Quantum teleportation of two qubits has
noisy

recently been studied for pure and

[17-19]

quantum channels It is closely related to
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quantum computation as two-qubit teleportation
together with one-qubit unitary operations is
implement the universal

sufficient to gates

required for quantum computation®’, For
teleporting the quantum state, a number of
quantum channels are wused, such as the
Einstein-Podolsky-Rosen (EPR) pair of two-
particle’, the GHZ state of three particles™?"
and the squeezed vacuum states™®’. In Lit. [23]
an arbitrary two-qubit state is deterministically
teleported via 16  generalized maximally
entangled Bell states. Without losing generality,
the attention will be paid to teleporting an
arbitrary two-qubit entangled state in this paper
by using one of 16 non-maximally entangled G
states as quantum channel. The scheme requires
G measurements at the sender’s location and
appropriate unitary transformations., an
auxiliary particle, single-qubit measurements at
the receiver’s side. In the scheme, an unknown
bipartite quantum state of two particles can be

perfectly teleported probabilistically.

1 Teleportation of an arbitrary

two-qubit entangled state

Suppose that sender Alice wants to transmit
an arbitrary bipartite quantum state | ¢)1, to
receiver Bob, both of whom are spatially
separated. | ¢),, can be expressed as
| 202 = (x| 00 +y [ 01) 42 [ 10> +7 [ 11)),

D
where x, y, 2 and r are unknown except that
lx P+l y Pl =P+ r P =1

Now use one of 16 non-maximally entangled

channel. The 16

non-maximally entangled G states can be divided

G state as quantum

into the following four groups:

Group 1
| g7 =a | 0000) +b|0101) +

¢ | 1010) +d | 1111 (2
| g4) = a | 0000 +b | 0101) —

¢ | 1010) —d | 1111) (€D
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| g5) = a | 0000 —b | 0101) +

c 1010 —d | 1111) 4
| g%y =a | 0000) —b]0101) —

c|1010) +d | 1111) (5)
Group 2
| g%y = a | 0001) +b | 0100) +

¢ | 1011) +d | 1110) (6)
| g% =a | 0001) 45| 0100) —

c|1011) —d | 1110) (7
| g%y = a | 0001) —b | 0100) +

c|1011) —d | 1110) (8)
| g% =a | 0001) —b | 0100) —

c|1011) +d | 1110) (9
Group 3
| go) = a | 0010Y +0b ] 0111) +

¢ 1000) +d | 1101) (10)
| gh) =a | 00100 +6 | 0111) —

¢ 1000) —d | 1101) an
| ¢h) =a | 0010) —b | 0111) +

¢ | 1000y —d | 1101) (12)
| g2 =a | 0010) —b | 0111) —

¢ | 1000) +d | 1101) (13)
Group 4
| ghs) =a | 0011) +b | 0110) +

¢ 11001 +d | 1100) (14)
| gh) =a | 0011) +6 | 0110) —

¢ | 1001 —d | 1100) (15
| ghs) =a | 0011) —b | 0110) +

¢ | 1001) —d | 1100) (16)
| gh) =a | 0011) —b | 0110) —

¢ 11001 +d | 11007 an

where the coefficients a, b, ¢ and d are real,
[al*? 4+ b1+l c|?4+|d|*=1. Since a, b, ¢
and d are unknown probabilistic amplitudes of
these states, the simplest situation is | a | =
b= 1|c¢c| = |d| = 1/2, corresponding to
maximally entangled G states. Generally
speaking, the coefficients a. b, ¢ and d are
different, and | a |#Z |6 |7# | ¢ |#| d|. Without
losing generality, assume | a | < | 0| < | ¢ | <
| d |. For other combinations of the inequality,

similar results can be obtained.
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Particles 3,4,5,6 are in one of the 16
non-maximally entangled G states. Particles 3,4
are with Alice and the last two 5,6 with Bob.
For definiteness, assume Alice and Bob share
state | g17556. Hence, the initial joint state is
‘ (/1>123456 = | ¢>12 @‘ gi >3-156 =

(x| 00)+y|01)+=2]| 10+

7 | 11015 (a | 0000) +

b ] 0101) +¢ | 1010> +d | 1111)) 550 =
(aa | 000000) 4+ a6 | 000101) +

ac | 001010) +ad | 001111) +

sa | 010000) + 36 | 010101) +

yc | 011010) 4+ »d | 011111) +

za | 100000) + =b | 100101 +

z | 1010100 + =4 | 101111) +

ra | 110000) 4+ | 110101 +

Alice makes G measurements on particles 1,
2,3 and 4, obtaining with equal probabilities one
of the 16 maximally entangled G states. Then
she sends Bob a classical message to inform him
which maximally entangled G state she
obtained. With Alice’s classical information Bob
knows the joint state in Eq. (18) will collapse
into which state. All possible 16 collapsed states
are written as the following:

1
1231<g1 ‘ ¢>123/156 - ?(m ‘ 00> +y/7 ‘ 01) +
ZC | 10>+7ﬁd ‘ 11>)56 (19)
1
123,1<gz ‘ ¢'>123156 = ?(l‘a ‘ 00» +y/7 ‘ 01) —
1
1231 < g | PP 123156 = ?(Ia | 00) —yb | 01) +
1
1231 Q4 | @) 123456 = ?(1‘61 | 00) — b | 01) —
zc | 10 +rd | 11))5 (22)
1
1230 €85 | @D 1zaass = ?(Ib | 01) + ya | 00) +
1
1231 (g | D) 123156 = ?(Jfb | 01) + ya | 00) —

zd | 11) —rc | 10))5 (24)

o (7 S %(m 1 01) — ya | 00) +
zd | 11> —rc | 10))5  (25)

o (g | )iz = %u»b 101> — ya | 00) —
«d |11 e | 10005 (26)

120080 | P rzsezs = %m 110> +yd | 1D +
za | 000 4+b | 01))5 (27)

R (75 S %m 110> 4 yd | 11) —
2 | 00) —rb | 01))s (28)

(g | @i = %m 110) —d | 1D +
2 | 00) — b | 01))s (29)

1231 (g2 | P rasiss = %(1‘6 | 10) —yd | 11) —
za | 00) +b | 01))s (30)

o (s | @ 1oasss = %(M 1 11) + 3¢ | 10 +
@ | 01) £ra | 00))s (31

on gt | P ramiss = %(m 11> + ye | 10) —
b | 01 —ra | 00))s (32)

vt (s | @ imanss = %(m 11 — ye | 100 +
b | 01 —ra | 00))s (33)

1 (g1s | P romess = %(m 11> — ye | 10) —

b | 01) 4+ra | 00))s (34)
According to Alice’s measured outcome,
Bob  will

transformation U, on particles 5,6 in order to

perform appropriate unitary
establish a correspondence so that the coefficients x,
y, = and r can correspond to | 00)s55, | 01)s4,
| 10)55 and | 11)54, respectively.

Suppose that Alice’s measured outcome is
| 11231+ so the collapsed state is in Eq. (19).
After receiving Alice’'s classical information,
Bob introduces an auxiliary two-state particle 7
with the initial state | 0);. In order for Bob to
reincarnate the original state under the basis
{] 000) 3547 » | 0105 » | 100557 » | 1107567 »
| 001)s5675 | 01105675 | 101)56,5 | 111056715 a

collective unitary transformation U, on particles
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5,6,7 may take the form of the following 8 X 8

matrix, namely

A A,
Uz -
Ag *Al

where A, and A; are 4 X 4 matrixes and may be

(35)

written as

A, = diag{a,» a1» as» ay) (36)
and
A, = diag{ /1 —da, /1 —adai,
l—ai, J/1—ai} (37)

respectively, Herea;(i =0,1,2,3 and | a; |<<1)
depend on the collapsed state of particles 5,6.
If choose
a =1, a, =a/bs a, = a/cs a3 = a/d (38)
the unitary transformation U, will transform the
state 1251€g1 | ¢ 1zsiss @] 007 of particles 5,6,7

into

%a(x 1005 4+ 3 [01) + 2 [10) + 7 |11 [0), +

%(y Vb —ab | 01) + = et —d* | 10) +
r «/dz—a2 ‘ 11>)’,5 ‘ 1>7

Then Bob measures particle 7 on the basis

| 1>@ ’ the
obtained, the state will be collapsed into
(x ] 00>+ [ 0142|100 +7r | 11>

and the teleportation is successful.

teleportation fails. If | 0)s is

A quantum channel of mixed states can
never provide teleportation with fidelity 1. The
probability of successful teleportation in this

scheme may be expressed by the probabilistic

amplitude of %a(x | 00) +y | 01) + = | 10> +

r|11)); as (%a)z = % | a |*, where | a | is
the smallest one among the four coefficients’
absolute values | a |s | 6|, | ¢ | and | d |.
Adding up all the contributions, the optimal

probability of successful teleportation is obtained
asP=lal*x16=4al

For the
channel, | a |=|b|=]|c|=|d|=1/2, the

maximally entangled quantum
total successful probability reaches one.

The corresponding relations between Alice’s
transformation U, and

outcomes, unitary

coefficients a; (i = 0,1,2,3) of the unitary

of {[ 0>y | 1)}. If his measured outcome is transformation U, are given in Tab. 1.
Tab.1 The corresponding relations between Alice’'s outcomes, U, and coefficients of U,
Alice’s outcomes U, ao ai az as
| g1 Cloy<o |+ 11 [Js @ L1004+ 1 | 1 a/b a/c a/d
| g2 100 [+ DT 1T @ L] 0><0 [4] 1><1 []s 1 a/b —a/c —a/d
| g5 C10Y<o |4 1>¢1 [Js @[] 0><0 |+] 1><1 |]s 1 a/b alc a/d
| g1? 10O [+ DX 1Ts @LI0x<0 [+1 1)<1 s 1 —a/b a/c —a/d
| g5 L1004 <1 []s @ LI 1<0 [+] 01 |]s a/b 1 a/d al/c
| g6 LloX<o |+ 11 [T @ L1041 001 | s a/b —1 a/d —al/c
| g7» L1004 1< []s @ L1 1<0 [+] 01 |]s a/b 1 —a/d —al/c
| g5 LloY<o |+ 11 [T @ L1104+ 001 | a/b —1 —a/d al/c
| g9 LI Do 41001 []s @ L1 0x<0 |+] 1)< |]s al/c a/d 1 al/b
| g10) L1040 [T @L10y<o [+ 11 | a/c —a/d 1 —a/b
| g LI 0 [+ 001 []s @ L1 0x<0 [+] 11 |]s al/c a/d —1 —a/b
| g12) LI 1o [+ 001 [T @ L10y<o [+ 1< | a/c —a/d —1 a/b

| g13) LI D041 001 []s @ L] 1<0 [+] 01 |]s a/d a/c a/b 1
| g1) LI+ 0T @LI Do [+10< [l a/d —a/c a/b —1
| g15) LI Do [+ 001 [Js @ L] 1<0 [+] 01 |]s a/d a/c —a/b —1
| g16) LI DO+ 0 [Is QL1 [+l 0L a/d —al/c —a/b 1
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When one of the other 15 non-maximally

entangled G states functions as quantum

channel, the teleportation process is similar.
2 Conclusions

A scheme to probabilistically realize
quantum teleportation of an arbitrary bipartite
quantum state is proposed by using one of
non-maximally entangled G states as quantum
channel in this paper. It is shown that, for such
non-maximally entangled quantum channel, the
teleportation can be successfully realized with a
certain probability by sender’'s G measurements
unitary

. i .
and receiver s appropriate

transformations, introducing an  auxiliary
particle and single-qubit measurements. It is
found that the probability of success is P =

4] a

2

, determined by the smallest one among
the four coefficients’ absolute values | a |, | &1,
lcland | d|. When [al=]b]=[c|=]d]|=
1/2, the total probability equals one.
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