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Direct algorithms for constructing high-order conservation laws

of nonlinear partial differential equations

MEI Jian-gin® , ZHANG Jing-jing, ZHANG Hong-qing
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Abstract: The direct algorithms for constructing the conservation laws of
nonlinear differential equations are put forward and implemented in software
Maple, which are easy for operation and high efficiency. As applications of the
algorithms, some higher-dimensional nonlinear differential equations, such as
Caudrey-Dodd-Gibbon-Sawada-Kotera equation, Boiti-LLeon-Manna-Pempinelli
equation and (2+1)-dimensional Burgers equation together with Itd6 equations
are considered. As a result, some new high-order conservation laws of these
equations have been obtained. The algorithms can be used to construct more

higher order and dimension of conservation laws and be generalized to

differential-difference equations.
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0 Introduction

Nonlinear partial differential equations
(NLPDEs) that admit conservation laws arise in
many disciplines of the applied sciences, including
physical chemistry, fluid mechanics, particle and
quantum physics, plasma physics, elasticity, gas
dynamics, electromagnetism, magnetohydro-
dynamics, nonlinear optics, and bio-sciences.
Conservation laws are fundamental laws of
physics and play important role in mathematical
physics. The investigation of conservation laws
of the Korteweg de Vries equation was the
starting point of the discovery of a number of
evolutionary equations

techniques to solve
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( Miura transformation, Lax pair, inverse

scattering technique, bi-Hamiltonian

structures). The existence of a large number of
conservation laws of a PDE (system) is a strong
indication of its integrability'!. The knowledge
of conservation laws is useful in the numerical

integration of PDEs, for instance, conserved

densities aid in the design of numerical solvers

for PDEs and controlling numerical errorst?.

There are various methods™ " to compute

conservation laws of NLPDEs. A common

approach relies on the link between conservation
laws and symmetries as stated in Noether' s

theorem™ *'. Most  of the algorithmic
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require the solution of a

of PDEs.

methods

Hereman''"

determining system
presented a direct method for the computation of
polynomial conservation laws of polynomial
systems of nonlinear partial differential
equations in multi-dimensions based on calculus,
variational calculus and linear algebra. This
paper is to purposely avoid Noether's theorem,
pre-knowledge of symmetries, and a Lagrangian
forms nor

formulation. Neither differential

advanced  differential-geometric  tools  are
involved. Instead, the two direct algorithms
presented only refer to the definition of
conservation laws based on differential calculus

and linear algebra.
1 Conservation laws

Let A be a system of differential equations
A(xy u”)=0 (v=1,+-, ) for m unknown
functions u = Cuy, ***» u, ) of n independent
variables x=(x,,***,x,). Here, u denotes the
set of all the derivatives of the functions u with
respect to x of order not greater than n,
including u as the derivative of order zero.

Definition 1 A conserved vector of the
system A is an n-tuple F= (F, (z,u'")
F,(x,u'”)) for which the divergence div F :=
D,F; vanishes for all solutions of A, 1i.e.

divF| ,.,=0 (@)
where D, = D, denotes the operator of total
differentiation with respect to the variable x;,
e , D 291.’ JruZ,;?)l(z . The notation V|, means
that the values of V are considered only on
solutions of the system L.

Definition 2 A conserved vector F is called

trivial if F, = Fi + F, where F[ and F, are

smooth functions of x and derivatives of u, F,
vanishes on the solutions of A and the n-tuple F
F,,) is a null divergence (i. e. ,

=(F, F,

its divergence vanishes identically).

Definition 3 Two conserved vectors F and
F’ are called equivalent if the vector-function
F—F’ is a trivial conserved vector.

Definition 4
!
div F = > a4, (2)
n=1

and the [-tuple A= (2',A%, =+, 1) are called the
characteristic form and the characteristic of the

conservation law div F=0, respectively.

2 Direct algorithms for constructing

conservation laws

2.1 The first direct algorithm

In order to construct conservation laws, one
should select the form as follows:

D,py +D.p.=¢A or D,p, +D.p, +D,p;=¢A

(3
which is just the definition of conservation law
and is also the application of the Noether
theorem in essence. To construct higher order
conservation laws more easily, it is necessary to
raise the order of the characteristic g(x,t,u")
or q(xstsysu™).

Step 1  Assume that p,, p,, ps and g are
functions of x,z,u" , in order to make p, s p,» ps
and ¢ only contain the derivatives of u of one or
two variables, one should increase the order of
the derivatives of u in the calculation process
gradually.

Step 2 Denote the original equation as A=
0, and suppose that
A — pi,— p2.=0 or @A — pi, — p2. — P3,=0

(4)
Step 3  Separating the item of u, and the
highest derivatives and setting the coefficients of
them to zero yield a simplified system of PDEs.

Step 4  Solve the system by making use of
Maple, the conservation laws p;, p;. ps of the
original equation can be obtained,

Dp: +D,p,=0 or Dp,+D,p,+D,p;=0
(5)
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together with the characteristic ¢ of the
corresponding conservation law.

Example 1 The Caudrey-Dodd-Gibbon-

02 i as follows:

Sawada-Kotera equation
w, + e + 30wt e + 30utt ,p, + 180u°u, = 0
(6)
Step 1  Assuming ¢q=q(t,x u), p,=p: (¢,
o) and pr =P (Lo st sty s Ur s Urr s Uy )
Step 2 Setting the original equation as A=
0, then (3) becomes into
qCu, + terree + 30w 1t + 30utt e + 1800’ u, ) —
bu T Pz T puue T Pastte T Praller T Posllae T
D6 Unrr — D27 Uprzne = 0 7
Step 3

V’ Upr — W s Uy — L s Uzpar — M’ Urzrar — N and

Setting x=X, t=T, u=U, u,=

separating the item of u,,» N yields to
q— pPw =q— pm =0 €))
q(30VW 4+ 30UL + 180U V) — pir — pox —
PV — powW — powl — poM = 0
Step 4  Solving this system , one can get
P = u
Dr = Upper + 30uu,, + 60u°
Similarly, if p, = p, (tsxsusu,) and p, =

9

PrtsXs ths Uy s Upp s Uper s U s Uprrrr ) s ONE CAN
have the fifth-order conservation law D,p, +
D.p, = 0, where

p1 = FiWu, +Cu;
P2 =F1 (O (e + 30,00, + 30w, + 1800’ u,) +

Clutyrye + 30w, + 60u*) — uJF’1 MHde (10

Example 2 Boiti-LLeon-Manna-Pempinelli
equation is as follows:
Uy + Uppry — Uy, — 3uu, =0 (11)
According to the algorithm, the third-order
conservation law D,p, +D.p, +D,p; = 0 can be
obtained, where

1= F(x,Du,s p; = Fx,Dup,

b :J"'[F,m,w(— ) +

3FCast) Cupprey + wpyu,) Jda  (12)
2.2 The second algorithm
avoid the

In order to complexity of

computation in the first algorithm, another one
can be proposed. By differentiating the original
equation A=0 with regard to x, ¢ or y, one can
raise the order of the original equation instead of
unknown variable q(z,2,y,u).

Step 1 Differentiating the original equation
A=0 with regard to x, t or y yields to a new
equation A, =0, and then
gAy — pu — P2 — P3,=0

(13)

the order of the

gAy — p1, — p2.=0 or
Step 2 Increasing

derivatives of u in the -calculation process
gradually to make p,, p,, p; and ¢ only contain
the derivatives of u with respect to one or two
variables.
Steps 3-5 are the same as the first algorithm.
Example 3 Take 2+ 1-dimensional Burgers
equation for example,
(u, tuw, —u.), tu, =0 14
Step 1  Differentiating it once with regard
to x yields the following:
A = uy, + 3uu .+ un .,

Step 2

— Uy T Uy, = 0
Assume that ¢q=q(t,x,y), p =
Prltaxsysttn)spo =D CLoZoysthsthy s Uy s Uy )
and p;=p;(tsx,ysu,, ), then (13) turns to
Qe 3ttt e T Uy — U T Uy ) —

Db T Pullpe — P22 T Patty T Pastle, —
D26 ture — P2rllawer — P33 — Pastley, = 0 (15)
Step 3  Regarding tsax,ysusu, s, su,, and

U... as independent variables and substituting t=
T, x=X,y=Y.u=Usu,=V,u, =W,u,, =1L
and u,,., =M into Eq. (15).
Step 4  Setting the coefficients of W, My,
Ly and 1 yields the following:
q— bu=q— pn =q— pu = 0;
3gVW + qUM — piy — poy — posV —
DWW — psM — pay = 0 (16)
Step 5 Solving the system with Maple
package, the third-order conservation law D,p, +

D.p, +D,ps = 0 can be derived, where
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b= u“.(%xz +F Oz + F.0)s
pe = 20— 2u VF\ () — 20, F (D) + (o, +
e+ (F O+ Fa () + %12) -
Clur + wu ) — Cup 4w, VF, (1) +

Cu, + %uz ;

by = u(%x +FRWa+F0) A

Similarly, if one differentiates Eq. (14)
twice with regard to x, one can get the fourth-
order conservation law D,p, +D.p, +D,p; = 0,
omitted here.

Example 4 tsd

1t6 equation

U = Uppr + 6uu, + 2vv,; v, = 2(uv), (18)
some conservation laws of which has been given
by Wolff"', some new classes of conservation
laws will be constructed here.

If one differentiates Eq. (18) once with
regard to x, one can get the third-order
conservation law D,p, +D.p, = 0, where

P =FDu, +Cxv, +F,(Dv,;

Py = — F.(Ou—Fo,(Dv— (u,, + 6uu, +
2v0, ) F, (1) — Quv, 4 2w ) F, (1) +
2Cu(v—av,) — 2Cxou, (19

To differentiate Eq. (18) twice with regard

to x, one can get the fourth-order conservation

law D,p, +D,p, = 0, where

P = Cu, +%1¢2v“ +F,xv, +F (Do, s

p=F, () (v—av,) — F, (v, — C, (uprr +
Butt o + 20 + 2vv,, + 6ul) — 2F, (1) X
(o e + 2u,0, +wv,) — Cluv,, +ou,, +
2u,v,)x* — 2Cuv + Fy (1) Quu, + 2uv, —
2Cuv,, + i +2uv,)x) + 2C(ou, +
uv,)x (20)
If one differentiates Eq. (18) three times
with regard to x, one can get the fifth-order

conservation law D,p, + D,p, = 0, where

P=F O+ o | %f 1 %F (D" +

2F, (1) +F4(t)];

pr=— %F; (O (2o, — 220, 4+ 20) — F, (1) X

(e + 200 0 +6urt . +18u,ut . +6v,v..) +
Fo(O2x(uv,, + 2uv, +ou,,) — 2" (o +
v, + 3u v, + wv.) — 2Cou, +uv. )]+
2F, (O (uv,y + 2u,v, +vuyy) — 2o g, +

3v,u., +3u,v., +uv,.. )]—( 2F, (1) + %1‘3 )><

(v e + 30,0y + 3U,v, + uv,, ) +
Fio(t)(v, —av,.) — F, (v, — Fi(Ou,, +
Cx*(uv,, +2u,v, +vu,) — 2Cx Cou, +
uv, ) + 2Cuv 2D
Remark 1  The symbols F;(t) (i =1,,4)
and F(x,t) appearing in the above conservation
laws are all arbitrary differential functions and

C,C, are arbitrary constants.
3 Conclusion

Two kinds of algorithms for constructing
high-order conservation laws of NLPDEs have
been put forward. As applications, many new
high-order conservation laws of a large number
of NLPDEs have been obtained, such as the
Caudrey-Dodd-Gibbon-Sawada-Kotera equation,
(24 1)-dimensional Burgers equation and Boiti-
Leon-Manna-Pempinelli equation. In fact, the
algorithms are very efficient and easy to be
extended to a variety of NLPDEs and even

differential-difference equations.
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