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Abstract:Thedirectalgorithmsforconstructingtheconservationlawsof
nonlineardifferentialequationsareputforwardandimplementedinsoftware
Maple,whichareeasyforoperationandhighefficiency.Asapplicationsofthe
algorithms,somehigher-dimensionalnonlineardifferentialequations,suchas
Caudrey-Dodd-Gibbon-Sawada-Koteraequation,Boiti-Leon-Manna-Pempinelli
equationand(2+1)-dimensionalBurgersequationtogetherwithItôequations
areconsidered.Asaresult,somenewhigh-orderconservationlawsofthese
equationshavebeenobtained.Thealgorithmscanbeusedtoconstructmore
higherorderand dimension ofconservationlawsand begeneralizedto
differential-differenceequations.
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0 Introduction

Nonlinear partial differential equations
(NLPDEs)thatadmitconservationlawsarisein

manydisciplinesoftheappliedsciences,including

physicalchemistry,fluidmechanics,particleand

quantumphysics,plasmaphysics,elasticity,gas

dynamics, electromagnetism, magnetohydro-

dynamics,nonlinearoptics,andbio-sciences.

Conservationlawsarefundamentallawsof

physicsandplayimportantroleinmathematical

physics.Theinvestigationofconservationlaws

ofthe Korteweg de Vriesequation wasthe

startingpointofthediscoveryofanumberof

techniques to solve evolutionary equations

(Miura transformation, Lax pair,inverse

scattering technique, bi-Hamiltonian

structures).Theexistenceofalargenumberof

conservationlawsofaPDE(system)isastrong

indicationofitsintegrability[1].Theknowledge

ofconservationlawsisusefulinthenumerical

integrationofPDEs,forinstance,conserved

densitiesaidinthedesignofnumericalsolvers

forPDEsandcontrollingnumericalerrors[2].

Therearevariousmethods[3,4]tocompute

conservation laws of NLPDEs. A common

approachreliesonthelinkbetweenconservation

lawsandsymmetriesasstatedin Noether's

theorem[5,6]. Most of the algorithmic



methods[7-10] require the solution of a
determining system of PDEs. Hereman[11]

presentedadirectmethodforthecomputationof

polynomialconservation laws of polynomial
systems of nonlinear partial differential

equationsinmulti-dimensionsbasedoncalculus,

variationalcalculusandlinearalgebra.This

paperistopurposelyavoidNoether'stheorem,

pre-knowledgeofsymmetries,andaLagrangian
formulation. Neither differential forms nor

advanced differential-geometric tools are
involved.Instead,thetwodirectalgorithms

presented only refer to the definition of

conservationlawsbasedondifferentialcalculus
andlinearalgebra.

1 Conservationlaws

LetΔbeasystemofdifferentialequations
Δv(x,u(n))=0(v=1,…,l)formunknown
functionsu= (u1,…,um)ofnindependent
variablesx=(x1,…,xn).Here,u(n)denotesthe

setofallthederivativesofthefunctionsuwith
respectto x oforder not greaterthan n,

includinguasthederivativeoforderzero.
Definition1 A conservedvectorofthe

systemΔisann-tupleF=(F1(x,u(r)) … 

Fn(x,u(r)))forwhichthedivergencedivF∶=
DiFivanishesforallsolutionsofΔ,i.e.

divF|Δ=0=0 (1)

whereDi=Dxi denotestheoperatoroftotal
differentiationwithrespecttothevariablexi,

i.e.,Di=∂xi+u
a
α,i∂uaα.ThenotationV|Lmeans

thatthevaluesofV areconsideredonlyon

solutionsofthesystemL.
Definition2 AconservedvectorFiscalled

trivialifFi=F̂i+F  

^

i,whereF̂iand F  

^

 i are

smoothfunctionsofxandderivativesofu,F̂i

vanishesonthesolutionsofΔandthen-tupleF̂

=(F̂1 F̂2 … F̂n)isanulldivergence(i.e.,

itsdivergencevanishesidentically).

Definition3 TwoconservedvectorsFand
F'arecalledequivalentifthevector-function
F-F'isatrivialconservedvector.

Definition4

divF=∑
l

μ=1
λμΔμ (2)

andthel-tupleλ=(λ1,λ2,…,λl)arecalledthe
characteristicformandthecharacteristicofthe
conservationlawdivF=0,respectively.

2 Directalgorithmsforconstructing
conservationlaws

2.1 Thefirstdirectalgorithm

Inordertoconstructconservationlaws,one
shouldselecttheformasfollows:

Dtp1+Dxp2=qΔ or Dtp1+Dxp2+Dyp3=qΔ
(3)

whichisjustthedefinitionofconservationlaw
andis also the application ofthe Noether

theoreminessence.Toconstructhigherorder

conservationlawsmoreeasily,itisnecessaryto
raisetheorderofthecharacteristicq(x,t,u(n))

orq(x,t,y,u(n)).
Step1 Assumethatp1,p2,p3andqare

functionsofx,t,u(n),inordertomakep1,p2,p3
andqonlycontainthederivativesofuofoneor
twovariables,oneshouldincreasetheorderof

thederivativesofuinthecalculationprocess

gradually.

Step2 DenotetheoriginalequationasΔ=
0,andsupposethat

qΔ-p1t-p2x=0 or qΔ-p1t-p2x -p3y=0
(4)

Step3 Separatingtheitemofutandthe

highestderivativesandsettingthecoefficientsof
themtozeroyieldasimplifiedsystemofPDEs.

Step4 Solvethesystembymakinguseof
Maple,theconservationlawsp1,p2,p3ofthe
originalequationcanbeobtained,

Dtp1+Dxp2=0 or Dtp1+Dxp2+Dyp3=0
(5)
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together with the characteristic q of the
correspondingconservationlaw.

Example 1 The Caudrey-Dodd-Gibbon-
Sawada-Koteraequation[12]isasfollows:

ut+uxxxxx +30uxuxx +30uuxxx +180u2ux =0
(6)

Step1 Assumingq=q(t,x,u),p1=p1(t,

x,u)andp2=p2(t,x,u,ux,uxx,uxxx,uxxxx).
Step2 SettingtheoriginalequationasΔ=

0,then(3)becomesinto

q(ut+uxxxxx +30uxuxx +30uuxxx +180u2ux)-
p11-p22-p13ut-p23ux -p24uxx -p25uxxx -
p26uxxxx -p27uxxxxx =0 (7)

Step3 Settingx=X,t=T,u=U,ux=
V,uxx=W,uxxx=L,uxxxx=M,uxxxxx=Nand
separatingtheitemofut,Nyieldsto

q-p1U =q-p2M =0 (8)

q(30VW +30UL+180U2V)-p1T -p2X -

p2UV-p2VW -p2WL-p2LM =0
Step4 Solvingthissystem,onecanget

p1 =u

p2 =uxxxx +30uuxx +60u3
(9)

Similarly,ifp1=p1(t,x,u,ux)andp2=
p1(t,x,u,ux,uxx,uxxx,uxxxx,uxxxxx),onecan
havethefifth-orderconservationlaw Dtp1 +
Dxp2 =0,where

p1 =F1(t)ux +Cu;

p2 =F1(t)(uxxxxx +30uxuxx +30uuxxx +180u2ux)+

C(uxxxx +30uuxx +60u3)-u∫F'1(t)dt (10)

Example2 Boiti-Leon-Manna-Pempinelli
equationisasfollows:

uyt+uxxxy -3uxxuy -3uxyux =0 (11)

Accordingtothealgorithm,thethird-order
conservationlawDtp1+Dxp2+Dyp3 =0canbe
obtained,where

p1 =F(x,t)uy, p3 =F(x,t)uxxx,

p2 =∫
x
[Ft(a,t)(-uy)+

3F(a,t)(uxxuy +uxyux)]da (12)

2.2 Thesecondalgorithm

In order to avoid the complexity of

computationinthefirstalgorithm,anotherone

canbeproposed.Bydifferentiatingtheoriginal

equationΔ=0withregardtox,tory,onecan
raisetheorderoftheoriginalequationinsteadof

unknownvariableq(t,x,y,u(n)).

Step1 Differentiatingtheoriginalequation

Δ=0withregardtox,toryyieldstoanew

equationΔ1=0,andthen

qΔ1-p1t-p2x=0 or qΔ1-p1t-p2x -p3y=0
(13)

Step2 Increasing the order of the

derivatives of u in the calculation process

graduallytomakep1,p2,p3andqonlycontain

thederivativesofuwithrespecttooneortwo
variables.

Steps3-5arethesameasthefirstalgorithm.

Example3 Take2+1-dimensionalBurgers

equationforexample,

(ut+uux -uxx)x +uyy =0 (14)

Step1 Differentiatingitoncewithregard

toxyieldsthefollowing:

Δ1 =utxx +3uxuxx +uuxxx -uxxxx +uxyy =0

Step2 Assumethatq=q(t,x,y),p1=

p1(t,x,y,uxx),p2=p2(t,x,y,u,ux,uxx,uxxx)

andp3=p3(t,x,y,uxy),then(13)turnsto

q(utxx +3uxuxx +uuxxx -uxxxx +uxyy)-

p11-p14utxx -p22-p24ux -p25uxx -

p26uxxx -p27uxxxx -p33-p34uxyy =0 (15)

Step3 Regardingt,x,y,u,ux,uxx,uxyand

uxxxasindependentvariablesandsubstitutingt=

T,x=X,y=Y,u=U,ux=V,uxx=W,uxy=L

anduxxx=MintoEq.(15).

Step4 SettingthecoefficientsofWT,MX,

LYand1yieldsthefollowing:

q-p14 =q-p27 =q-p34 =0;

3qVW +qUM -p11-p22-p24V-

p25W -p26M-p33 =0 (16)

Step5 Solvingthesystem with Maple

package,thethird-orderconservationlawDtp1+
Dxp2+Dyp3 =0canbederived,where
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p1 =uxx (C2x
2+F1(t)x+F2(t));

 p2 =2(u-xux)F'1(t)-2uxF'2(t)+(uxxx +

uuxx +u2x)(xF1(t)+F2(t)+C
2x

2 ) -

C(uxx +uux)x-(uxx +uux)F1(t)+

Cux +C
2u

2;

p3 =uxy (C2x
2+F1(t)x+F2(t)) (17)

Similarly,ifonedifferentiatesEq.(14)

twicewithregardtox,onecangetthefourth-

orderconservationlawDtp1+Dxp2+Dyp3 =0,

omittedhere.

Example4 Itôequation[13]

ut =uxxx +6uux +2vvx;vt =2(uv)x (18)

someconservationlawsofwhichhasbeengiven

byWolf[10],somenewclassesofconservation

lawswillbeconstructedhere.

IfonedifferentiatesEq.(18)oncewith

regard to x,one can get the third-order

conservationlawDtp1+Dxp2 =0,where

p1 =F1(t)ux +Cxvx +F2(t)vx;

 p2 =-F'1(t)u-F'2(t)v-(uxxx +6uux +
2vvx)F1(t)-(2uvx +2vux)F2(t)+
2Cu(v-xvx)-2Cxvux (19)

TodifferentiateEq.(18)twicewithregard

tox,onecangetthefourth-orderconservation

lawDtp1+Dxp2 =0,where

p1 =C1uxx +C
2x

2vxx +F2(t)xvxx +F3(t)vxx;

 p2=F'2(t)(v-xvx)-F'3(t)vx -C1(uxxxx +

6uuxx +2v2x +2vvxx +6u2x)-2F3(t)×
(vuxx +2uxvx +uvxx)-C(uvxx +vuxx +

2uxvx)x2-2Cuv+F2(t)(2vux +2uvx -
2(uvxx +vuxx +2uxvx)x)+2C(vux +

uvx)x (20)

IfonedifferentiatesEq.(18)threetimes

withregardtox,onecangetthefifth-order
conservationlawDtp1+Dxp2 =0,where

 p1=F1(t)uxxx +vxxx [C6x
3+C
2F2

(t)x2+

xF3(t)+F4(t)];

p2=-12F'2
(t)(x2vxx -2xvx +2v)-F1(t)×

(uxxxxx +2vvxxx+6uuxx+18uxuxx+6vxvxx)+

F2(t)[2x(uvxx +2uxvx+vuxx)-x2(vuxxx +
3vxuxx +3uxvxx +uvxxx)-2(vux +uvx)]+
2F3(t)[(uvxx +2uxvx +vuxx)-x(vuxxx +

3vxuxx +3uxvxx +uvxxx)]-(2F4(t)+C
3x

3 )×
(vuxxx +3vxuxx +3uxvxx +uvxxx)+
F'3(t)(vx -xvxx)-F'4(t)vxx -F'1(t)uxx +

Cx2(uvxx +2uxvx +vuxx)-2Cx(vux +
uvx)+2Cuv (21)

Remark1 ThesymbolsFi(t)(i=1,…,4)

andF(x,t)appearingintheaboveconservation
lawsareallarbitrarydifferentialfunctionsand

C,C1arearbitraryconstants.

3 Conclusion

Twokindsofalgorithmsforconstructing
high-orderconservationlawsofNLPDEshave

beenputforward.Asapplications,manynew

high-orderconservationlawsofalargenumber

ofNLPDEshavebeenobtained,suchasthe

Caudrey-Dodd-Gibbon-Sawada-Koteraequation,

(2+1)-dimensionalBurgersequationandBoiti-

Leon-Manna-Pempinelliequation.Infact,the

algorithmsareveryefficientandeasytobe

extendedtoavarietyof NLPDEsandeven

differential-differenceequations.

References:

[1] ABLOWITZ M J, CLARKSON P A.Solitons,

NonlinearEvolutionEquationsandInverseScattering
[M].Cambridge:CambridgeUniversityPress,1991

[2]SANZ-SERNA J M.An explicitfinite-difference

scheme with exactconservation properties [J].

JournalofComputationalPhysics,1982,47:199-210

[3] HEREMAN W, COLAGROSSO M, SAYERSR,

etal. Differential Equations with Symbolic

Computation[M].Basel:BirkhäuserVerlag,2005

703 第2期 MEIJian-qin,etal:Directalgorithmsforconstructinghigh-orderconservationlawsofnonlinearpartialdifferentialequations



[4] ANDERSONIM.TheVariationalBicomplex [M].

Logan:DepartmentofMathematicsandStatisticsat

UtahStateUniversity,2004

[5] OLVER P J. Applications of Lie Groups to

DifferentialEquations [M ].New York:Springer

Verlag,1993

[6] HEREMAN W, ADAMS PJ, EKLUND H L,

etal.Direct Methods and Symbolic Softwarefor

ConservationLawsofNonlinearEquations, Advances

inNonlinearWavesandSymbolicComputation [M].

NewYork:NovaSciencePublishers,2008

[7]IBRAGIMOV N H, KOLSRUD T.Lagrangian

approachto evolution equations: Symmetries and

conservationlaws [J].NonlinearDynamics, 2004,

36:9-40

[8] ANCO S C, BLUMAN G.Direct construction

methodforconservationlawsofpartialdifferential

equations.PartI: Examples ofconservationlaw

classifications [J].European Journalof Applied

Mathematics,2002,13:545-566

[9] KARA A H, MAHOMED F M. Relationship

betweensymmetriesand conservationlaws [J].

InternationalJournalofTheoreticalPhysics, 2000,

39(1):23-40

[10] WOLFT.Acomparisonoffourapproachestothe

calculationofconservationlaws [J].European

JournalofAppliedMathematics,2002,13:129-152

[11] HEREMAN W. Symbolic computation of

conservationlawsofnonlinearpartialdifferential

equationsin multi-dimensions [J].International

JournalofQuantumChemistry,2006,106(1):278-

299

[12]ZWILLINGER D. Handbook of Differential

Equations[M].Boston:AcademicPress,1997

[13]ITÔ M. An extension of nonlinear evolution

equationsoftheKdV (mKdV)typetohigherorders

[J].JournalofthePhysicalSocietyofJapan,1980,

49:771-778

构造非线性偏微分方程高阶守恒律的直接法

梅 建 琴*, 张 晶 晶, 张 鸿 庆

(大连理工大学 数学科学学院,辽宁 大连 116024)

摘要:提出了构造非线性偏微分方程高阶守恒律的直接法并在 Maple上实现,算法易操作,

效率高.作为算法的应用,考虑了许多高维非线性偏微分方程,如 Caudrey-Dodd-Gibbon-

Sawada-Kotera方程、Boiti-Leon-Manna-Pempinelli方程和(2+1)-维Burgers方程以及Itô方

程组,得到了它们的新的高阶守恒律.该算法还可用于构造更高维更高阶的守恒律,亦可推广

至微分-差分方程(组).

关键 词:守 恒 律;Caudrey-Dodd-Gibbon-Sawada-Kotera 方 程;(2+1)-维

Burgers方程;Boiti-Leon-Manna-Pempinelli方程;Itô方程组
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