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Abstract: Hume-Rothery phases sharing the same e/a (electron
concentration,whichusuallyis1.50(=21/14),1.62(=21/13),1.75(=21/

12))crystallizeintomanydifferenttypesofstructuresbasedonacommon
Bravaislattice,hencethee/aalonecannotbeusedasthefingerprint
parameterspecifyingaHume-Rotheryphase.Arefinedelectronicstructure
parameterisdesirablefortheclassificationofHume-Rotheryphasesinamore
rigorousmanner.Sothecluster-plus-glue-atommodelisusedtodecipherthe
structuresof Hume-Rotheryphases,from whichtheclusterformulaand
relativenumberofelectronsperunitformula,e/u,arederived.Hume-
Rotheryphaseswithanidenticale/aareclassifiedbye/u,soe/uisanew
parametertospecifyHume-Rotheryphasestructures.
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0 Introduction

Hume-Rothery phases,also known as
electroncompounds,areformedbetweenmetal
elements having close atomic radii and
electronegativity,suchasCu,ZnandAg,etc..
Inthese phases,the effect ofthe valence
electronsonthestructureformationisquite
pronouncedascomparedtothephasescomposed
ofatoms withlargeatom radiusdifferences,

wheregeometricalfactorplaysanimportantrole,

ortoelectrochemicalcompounds,inwhichchemical
bondingdominates.Hume-Rotheryphaseshave
distincte/a (numberofvalenceelectronper

atom),namely,21/14,21/13 and 21/12,

irrespectiveoftheirdifferentchemicalspecies
andcompositions[1].

The stabilization mechanism behind the
apparente/a ruleliesinthe Fermisurface-
Brillouinzone(FsBz)effect,duetowhichthe
electrondensityofstates(eDOS)reachesthe
minimum by forming pseudogap across the
Fermilevel[2-3].In Mizutani'swork,thefirst
principlescalculationsareappliedto various
complex metalalloysincludingsome Hume-
Rotheryphases,likeCu5Zn8,Al4Cu9,CuZn,

AgMg,etc.[4]. Firstly,they resolved the
problem discoveredinPippard's work[5]that



Fermisurfaceate/a=1.0forcopperisalready
incontactwithBrillouinzonebytakinginto
considerationnotonlythes-andp-electronsbut
alsothed-electronsformingtheeDOSintheir
calculations.Secondly,the contributions to
stabilityofthe FsBzeffectandthe orbital
hybridizationeffectsincomplexmetallicalloys
areseparatelyverified.FormostHume-Rothery
phases,theFsBzeffectisrevealedtobethe
mainfactorcontributingtophasestabilityand
thee/aforeachelementinthosephasescanbe
deduced.Theavailablee/ais1forCuandAg,2
forZn,and3forAl,etc..Whileforsomephases
containingtransitionmetalelementslikeFe,Co,

Ni,thehybridizationeffectplaysanimportantpart
intheformationofthepseudogap,andthee/afor
theseelementsmaynotremaintobeaninteger.
Thephasescontainingd-bandelectronsarenot
consideredinthiswork.

TheconceptofHume-Rotheryphaseshas
alsobeenextendedtoquasicrystalsandtheir
approximants.YokiyamaandTsai,etal.used
e/a=1.8asaguidanceandfoundaseriesof
stablequasicrystalsin Al-Cu-TM (TM=Fe,

Ru,Os)andAl-Pd-TM (TM=MnandRe)

system[6-8].DuboisandDong,etal.discovered
aso-callede/a-constantlinein Al-Cu-Feand
pseudo Al-Cu-(Fe,Cr)phasediagrams[9-10].
ThedepressionofeDOSatFermilevelhasbeen
discoveredexperimentallybyTraverse,etal.in
Al-Mn quasicrystal by soft X-ray emission
spectra[11]andtheoreticallybyFujiwarainthe
Al-Mn approximants using first principles
calculation[12].

BasedontheFriedeloscillationscheme,

Blandin,etal.first proposed a real-space
interpretation of momentum-based resonance
stabilization mechanism[13]. Nagel, et al.
pointed outthatthe stabilization effect of
conductionelectronsisapplicableforamorphous
systems[14]. Haeussler and coworkers first
showedthatbinaryamorphousalloyscomposed
ofnoblemetalsandpolyvalentnon-transitional

elementscan beregarded as Hume-Rothery
phases with amorphousstructuresofe/a =
1.8[15-17].Forsystemswithshortmeanfreepath
of conduction electrons,the effective pair
potentialΦeffcanbewrittenasΦeff∝sin(2kF·

r)/r3[18].Theresonancebetweenthe Friedel
oscillationofvalenceelectronsandthe pair
correlation function is shown to depress
effectivelythetotalenergy.

Forstructuraldescriptionofnon-crystalline
alloys,such asquasicrystalsandamorphous
alloys,astructuralmodelfocusingonthe1st
and2ndnearest-neighborlocalstructureshas
beendevelopedandtermedthecluster-plus-glue-
atommodel[19-20],inlinewiththesuggestionby
Mackay,etal.[21] thatthe nearest-neighbor
coordination polyhedra should be good
alternative to the normally used atomic
coordinatesinthedescriptionofnon-crystalline
structures.In this model,a structure is
dissociatedintoa1st-neighborclusterpartanda
2nd-neighborglueatompart,orexpressedby
clusterformulaas [Cluster](glueatom)x,

wherex denotingthenumberofglueatoms
matchingonecluster.Suchaclusterformula
providesboththecompositionandstructural
information,sothatitcanberegardedasthe
basicstructuralunitinasolidphase.Recently,

thismodelhasbeenextendedintoacluster-
resonancemodel[22],in whichthenumberof
valenceelectronsperunitformula (e/u)is
derivedtobe24fromthefreeelectronmodel,

irrespective of the alloy systems and
compositions.Thisformulasuggestsauniversal
electronicstructurefeatureforideal metallic
glasses.Thegenerationofsuchclusterformula
shedssomelightonthepossibleidentificationof
thestructureunitintheHume-Rotheryphases
andhenceforthonarefinedclassificationofthem
intermsofe/u,insteadofe/a.

1 Analyticalmethods

Theconstitutionoftheclusterformulasof
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alloy phasesfollowsthe steps describedin
Chen'swork[23-25].Fordifferentnon-equivalent
sitesinagivencrystalstructure,theirclustering
propertiesareshownbytwoways,i.e.the
atomicdensepackingandleastclustersharing.

Firstly,in order to choose a cluster
centeredbyanon-equivalentsite,thecut-off
distanceisdeterminedinanambiguous way
basedontheprincipleofatomicdensepacking.
Whenplottingtheradialatomicdensity(number
ofatomsenclosedinagivenradiusr)arounda
centeratom,thedensitynearcenteratomis
usuallyhigherthanaveragedensityofaphase.
The cut-off distance is defined to be the
maximumintheplot,orinsomecases,very

nearthemaximumpoint.Here,Cu5Zn8phaseis
presentedasanexample.Fromitsunitcell,the
radialatomicdensitiesDaroundCu1,Zn1,Cu2
andZn2non-equivalentsitescanbedrawn,as
showninFig.1 (a),inwhichthedensityis
dividedbytheatomicdensityofthephase.The
shellsintheradialatomicdensitydistributions
wherethedensitiesreachtheirhighestpointsare
takentobethecut-offradiiofclusters.The
clusters[Cu4Zn9]atCu1site,[Zn7Cu6]atZn1,
[Cu4Zn10]atCu2,and [Zn6Cu6]atZn2are
showninFig.1(b)-(e),respectively.Here,

thebracketedareatomicclustersandthefirst
constituentelementrepresentsthecentralatom.

Fig.1 Radialatomicdensitiesandclustersatdifferentsites

Secondly,accordingtotheleastsharing
principle,thelessoverlappedwitheachother,
clustering property willbe moreprominent.
Thus,onlyclusterscenteredbynon-equivalent
siteswiththesmallestmultiplicitiesarethought
tobeprincipalclusters.TheunitcellofCu5Zn8
phasehaseightCu1andoneZn1atoms,twelve
Cu2atomsandtwentyfourZn2atoms.Cu1and
Zn1siteshavetheleastmultiplicities.Sothe
twositesaretakenasthecenteratomsfor
clusterformulas.

Thirdly, the cluster formulas are
determined by considering sharing between

clustersinacertainstructure.Thecompositions
aftersharingarethecompositionsofcluster
formulas which comprise the whole crystal
structures.Dealing withthesharingbetween
clusterscanbedifficultifonecalculatesthe
sharingofsingleshellatomsamongclustersin
phaseswithmultiplenon-equivalentsites.The
compositions of clusters after sharing are
identicalto the compositions ofthe phases
becausetheyarethebasicunitsfillingupthe
structure.And an easier wayisfound to
calculatethecompositionsforclusterformulas
bydividing multiplicitiesofallnon-equivalent
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sites with multiplicity of center atom and
summingupeachdividednon-equivalentsites
theclusterstakeup.Forinstance,inthecaseof
Cu5Zn8 phase,all non-equivalent sites are
includedinCu1andZn1clusters,thecluster
formulaforCu1clusteris[Cu2.5Zn4],calculated
from[Cu18/8-Zn18/8-Cu212/8-Zn212/8];thecluster
formulaforZn1clusteris[Zn4Cu2.5],calculated
from[Cu18/8-Zn18/8-Cu212/8-Zn212/8].

2 Resultsanddiscussion

Theabove methodisappliedtotypical
Hume-Rothery phases,whosestructuresare
availablein Pearson's handbook[26], which
includesthephaseswithe/a=21/14 (AgCd,
AgMg,AgZn,AuCd,AuMg,AuZn,BeCu,

CaTl,CuZn,MgTl,SrTl,Ag3In,Au5Sn),γ-

brass (I43m) with e/a = 21/13 (Ag5Cd8,

Ag5Zn8,Au5Cd8,Cu5Zn8),γ-brass (P43m)
withe/a=21/13 (Ag9In4,Al4Cu9,Au9In4,
Cu9Ga4,Cu9In4),andclosely-packedhexagonal
phases withe/a =21/12 (AuCd3,Cu3Ge,

CuZn3).Theresultsareshownin Tab.1.
Also,theelectronperunitcluster,e/u,ofeach
clusterformulaiscalculated.Whencalculating
thee/a withtheclusterformula,thevalence
electron of Cu is taken as 0.7 since the
occupationnumberofCusiteinCuZn3phaseis
0.7[26].Inthecaseofphaseswithsymmetry

P43m (Ag9In4, Al4Cu9, Au9In4, Cu9Ga4,

Cu9In4)andAuCd3phase,theclusterschosen
byatomicdensepackingdonotcoverallnon-
equivalentsites.Thepartoutsideofaclusteris
2nd-neighborglueatoms,whichisputoutsideof
thebracketintheformula.

Accordingtotheelectronconfigurationof
the elements and the results reported in
references[1,4],thee/aoftheelementsinvolved
inthesetypicalHume-Rotheryphaseis1for
Cu,Ag,AuandTl,2forBe,Mg,Ca,Sr,Zn
andCd,3forAl,Ga,In,and4forGeandSn.

Itis evident that the e/u for these
crystalline Hume-Rothery phases is quite
different.Ate/a =21/14,thee/uis3for

AgCd,AgMg,AgZn,AuCd,AuMg,AuZn,
BeCu,CaTl,CuZn,MgTland SrTl,6for
Ag3Inand9forAu5Sn,respectively.Ate/a=
21/13,e/uis10.5fortheγ-brassphases
Ag5Cd8,Ag5Zn8,Au5Cd8,Cu5Zn8 associated

withspacegroupI43m,and21fortheAg9In4,
Al4Cu9,Au9In4,Cu9Ga4 andCu9In4 γ-phases

withspacegroupP43m.Ate/a=21/12,e/uis
21forAuCd3,7forCu3Geand4.7forCuZn3.
Itisseenthate/ucanbeusedtodifferentiate
Hume-Rotheryphaseshavingthesamee/abut
differentstructuretypes.

Theclusterssochosenareassumedtobe
themostdominantshort-rangeorderinthese
phases.In phases with e/a = 21/14,the
clustersofCuZn (thesametypefor AgCd,
AgMg,AgZn,AuCd,AuMg,AuZn,BeCu,
CaTl,CuZn, MgTl and SrTl)are CN14
dodecahedra,while Ag3Inand Au5Snphases
haveCN12cuboctahedronand CN12twinned
cuboctahedronclusters,respectively.Ine/a =
21/13phases,theclustersofCu5Zn8(thesame
typefor Ag5Cd8,Ag5Zn8 and Au5Cd8)and
Al4Cu9(thesameforAg9In4,Au9In4,Cu9Ga4
and Cu9In4 ) phases are mostly CN12
icosahedron,exceptfor Ga1sitein Cu9Ga4,
whichisCN13cluster.Ine/a =21/12phases,
theclustersappeartobequitedifferent.For
AuCd3 phase, Cd1 cluster is a CN12
icosahedron.ForCu3Gephase,itsCu1clusteris
aCN9three-cappedtrigonalprismanditsGe1
clusterisaCN11five-cappedtrigonalprism.For
CuZn3phase,itsZn1clusterisaCN12elongated
hexagonalbipyramid;itsCu1clusterandZn2
clusterareCN11five-cappedtrigonalprisms,
respectively.

Ingeneral,unitcellisthoughttobea
suitablebuildingblocktorepresentastructure.
Fromthecluster-plus-glue-atom model,cluster
formulascanbeobtainedandtheclusterschosen
mayofferthedominantshort-rangeinformation
ofaspecificphase.Theclusterformulasalso
givethecompositionsaftersharing,whichare
proportionaltothephasecompositions.Inthis
way,aHume-Rotheryphaseisenvisagedtobe
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       Tab.1 ClustersinHume-Rotheryphasesandclusterformulas

StructureTypeande/a Phase Centeratom Clusters Clusterformulas e/u

BCC,21/14

AgCd Ag [Ag7Cd8] [Ag1Cd1] 3
Cd [Cd7Ag8] [Cd1Ag1] 3

AgMg Ag [Ag7Mg8] [Ag1Mg1] 3
Mg [Mg7Ag8] [Mg1Ag1] 3

AgZn Ag [Ag7Zn8] [Ag1Zn1] 3
Zn [Zn7Ag8] [Zn1Ag1] 3

AuCd Au [Au7Cd8] [Au1Cd1] 3
Cd [Cd7Au8] [Cd1Au1] 3

AuMg Au [Au7Mg8] [Au1Mg1] 3
Mg [Mg7Au8] [Mg1Au1] 3

AuZn Au [Au7Zn8] [Au1Zn1] 3
Zn [Zn7Au8] [Zn1Au1] 3

BeCu Be [Be7Cu8] [Be1Cu1] 3
Cu [Cu7Be8] [Cu1Be1] 3

CaTl Ca [Ca7Tl8] [Ca1Tl1] 3
Tl [Tl7Ca8] [Tl1Ca1] 3

CuZn Cu [Cu7Zn8] [Cu1Zn1] 3
Zn [Zn7Cu8] [Zn1Cu1] 3

MgTl Mg [Mg7Tl8] [Mg1Tl1] 3
Tl [Tl7Mg8] [Tl1Mg1] 3

SrTl Sr [Sr7Tl8] [Sr1Tl1] 3
Tl [Tl7Sr8] [Tl1Sr1] 3

Ag3In In [In1Ag12] [In1Ag3] 6
Au5Sn Au1 [Au10Sn3] [Au5Sn1] 9

Au2 [Au10Sn3] [Au5Sn1] 9
Sn [Sn1Au12] [Sn1Au5] 9

γ-Brass,21/13

Ag5Cd8 Ag1 [Ag4Cd9] [Ag2.5Cd4] 10.5
Cd1 [Cd7Ag6] [Cd4Ag2.5] 10.5

Ag5Zn8 Ag1 [Ag4Zn9] [Ag2.5Zn4] 10.5
Zn1 [Zn7Ag6] [Zn4Ag2.5] 10.5

Au5Cd8 Au1 [Au4Cd9] [Au2.5Cd4] 10.5
Cd1 [Cd7Au6] [Cd4Au2.5] 10.5

Cu5Zn8 Cu1 [Cu4Zn9] [Cu2.5Zn4] 10.5
Zn1 [Zn7Cu6] [Zn4Cu2.5] 10.5

Ag9In4 Ag1 [Ag10In3] [Ag3.5In3]Ag5.5In1 21
Ag2 [Ag7In6] [Ag5.5In4]Ag3.5 21
Ag3 [Ag10In3] [Ag6.5In3]Ag2.5In1 21
In1 [In4Ag10] [In1Ag6.5]Ag2.5In3 21

Al4Cu9 Al1 [Al4Cu9] [Al1Cu5.5]Al3Cu3.5 21
Cu1 [Cu10Al3] [Cu3.5Al3]Al1Cu5.5 21
Cu2 [Cu7Al6] [Cu5.5Al4]Cu3.5 21
Cu3 [Cu10Al3] [Cu6.5Al3]Al1Cu2.5 21

Au9In4 Au1 [Au7In6] [Au5.5In4]Au3.5 21
Au2 [Au10In3] [Au6.5In3]Au2.5In1 21
Au3 [Au10In3] [Au3.5In3]Au5.5In1 21
In1 [In4Au9] [In1Au5.5]Au3.5In3 21

Cu9Ga4 Ga1 [Ga4Cu9] [Ga1Cu5.5]Cu3.5Ga3 21
Cu1 [Cu10Ga3] [Cu3.5Ga3]Cu5.5Ga1 21
Cu2 [Cu7Ga6] [Cu5.5Ga4]Cu3.5 21
Cu3 [Cu10Ga3] [Cu6.5Ga3]Cu2.5Ga1 21

Cu9In4 Cu1 [Cu10In3] [Cu6.5In3]Cu2.5In1 21
Cu2 [Cu10In3] [Cu3.5In3]Cu5.5In1 21
Cu3 [Cu7In6] [Cu5.5In4]Cu3.5 21
In1 [In4Cu9] [In1Cu5.5]Cu3.5In3 21

Close-packed
hexagonal,21/12

AuCd3 Cd1 [Cd10Au3] [Cd7Au3]Cd2 21
Cu3Ge Cu1 [Cu7Ge3] [Cu3Ge1] 7

Ge [Ge1Cu11] [Ge1Cu3] 7
CuZn3 Zn1 [Zn9Cu6] [Zn2Cu1] 4.7

Cu [Cu3Zn9] [Cu1Zn2] 4.7
Zn2 [Zn9Cu3] [Zn2Cu1] 4.7
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builtwiththemolecularunitinsteadofaunit
cell.Chemicalformulascanofferstructuraland
composition information when describing
chemical compounds,and here the cluster
formulasexhibitthesimilarfunctionwhenused
todescribe Hume-Rotheryphases.Itisalso
expectedthattheclusterformulaswillmakeit
possibletoestablishinacertain degreethe
structure-propertycorrelation,andthiswillbe
studiedinthefuturework.

On the other hand,chemicalformulas
usuallyobeyoctetrulebecausechemicalbonding
is dominant effectin chemical compounds.
Hume-Rotheryphases,however,aredominated
by metallicbonding.Therewith,thecluster
formulasofmetalsandalloysarethoughtto
maintainelectricneutralityinsteadofobeying
octetrule.Moreover,theycanbethoughtofas
basic units containing both chemical and
electronicinformation.Based onthecluster
formulasofthesephases,theparametere/ucan
offer the short-range information that is
concealedbye/aratios.

3 Conclusion

Byapplyingcluster-plus-glue-atommodelto
Hume-Rothery phases,clusterformulas are
obtained,whichcontainbothgeometricaland
chemical information of structures. By
calculatingthee/u,itisfoundthattheHume-
Rotheryphases withthesamee/a but with
differentstructuretypescanbedistinguished.A
refinedparameterforclassificationof Hume-
Rotheryphaseswiththesamee/aisobtained.
In the Hume-Rothery phase stabilization
mechanism,e/aiscalculatedfrom the FsBz
effectinreciprocalspace.Sincethepresent
resultsgiveexplicitshort-rangeand mediate-
rangeorderinanalloyphase,therealspacepair
correlationfunction can be derived,andits
resonance withtheFriedeloscillationcanbe
considered.Therefore,e/u appearsto bea
promisingparameterforstudyingthestructural
stabilityofalloyphases.
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Hume-Rothery相的团簇式
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摘要:Hume-Rothery相的电子浓度(e/a)一般为特定值1.50(=21/14)、1.62(=21/13)或

1.75(=21/12),但相同电子浓度的相常基于布拉维格呈现不同晶体结构,因此,e/a并不能

作为准确区分 Hume-Rothery相结构类型的特征参数.为此需要一个更精细的结构参数对

Hume-Rothery相进行更严谨的划分.运用团簇加连接原子模型分析常见的 Hume-Rothery
相,得到了各类 Hume-Rothery相的团簇式和相关单位团簇电子数e/u,发现e/u能有效对具

有相同e/a的 Hume-Rothery相进行归类,是区分 Hume-Rothery相结构类型的新参数.
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